Abstract. We prove that splendid Morita equivalences between principal blocks of finite groups with dihedral Sylow 2-subgroups realised by Scott modules can be lifted to splendid Morita equivalences between principal blocks of finite groups with generalised quaternion Sylow 2-subgroups realised by Scott modules.
Introduction
The aim of this note is to prove that the knowledge of the equivalence classes of splendid Morita equivalences for principal blocks with dihedral defect groups is enough to describe the splendid Morita equivalence classes of principal blocks with generalised quaternion defect groups, as well as the bimodules realising these equivalences. Our main result is as follows:
Theorem 1.1. Let G be an arbitrary finite group with a generalized quaternion Sylow 2-subgroup P ∼ = Q 2 n of order 2 n with n ≥ 3. Let k be an algebraically closed field of characteristic 2, and let B 0 (kG) denote the principal block of kG. Then: (a) B 0 (kG) is splendidly Morita equivalent to precisely one of the following principal blocks:
(1) kQ 2 n ; (2) B 0 (k[2.
A 7 ]) in case n = 4; (3) B 0 (k[SL 2 (q)]), where q is a fixed odd prime power such that (q − 1) 2 = 2 n ; (4) B 0 (k[SL 2 (q)]), where q is a fixed odd prime power such that (q + 1) 2 = 2 n ; (5) B 0 (k[2.PGL 2 (q)]), where q is a fixed odd prime power such that 2(q − 1) 2 = 2 n ; (6) B 0 (k[2.PGL 2 (q)]), where q is a fixed odd prime power such that 2(q + 1) 2 
there are only finitely many isomorphism classes of interior P -algebras arising as source algebras of p-blocks of finite groups with defect groups isomorphic to P , or equivalently that there are only a finite number of splendid Morita equivalence classes of blocks of finite groups with defect groups isomorphic to P . 
Preliminaries
Throughout this paper, unless otherwise stated we adopt the following notation and conventions. All groups considered are assumed to be finite and all modules over finite group algebras are assumed to be finitely generated right modules.
We denote the dihedral group of order 2 n (n ≥ 2) by D 2 n , the generalised quaternion group of order 2 n (n ≥ 3) by Q 2 n , and the cyclic group of order m ∈ Z ≥0 in multiplicative notation by C m . Given an arbitrary finite group G of order divisible by a prime p, we denote by k G the trivial kG-module, and we write B 0 (kG) for the principal p-block of kG.
For a subgroup H ≤ G we denote the Scott kG-module with respect to H by Sc(G, H). By definition Sc(G, H) is, up to isomorphism, the unique indecomposable direct summand of the induced module k H ↑ G which contains k G in its top (or equivalently in its socle). Equivalently, Sc(G, H) is the relative H-projective cover of the trivial module k G .
If N ⊳ G is a normal subgroup, then we use the bar notation
to denote the corresponding quotient and its elements. Moreover, if M is a kG-module such that N ≤ ker M, then M becomes a kḠ-module via mḡ := mg for each g ∈ G and each m ∈ M, and M kG is indecomposable if and only if M kḠ is indecomposable. Moreover,
as right kḠ-modules, canonically via the map m ⊗ kGḡ → mḡ for all m ∈ M, g ∈ G. We denote by π : G ։Ḡ the canonical homomorphism, and extended it by k-linearity to π : kG ։ kḠ. Then for a block A of kG, we writeĀ := π(A), which, in general, is not a block but a certain direct sums of blocks of kḠ. If A and B are block algebras of finite groups G and H and M is an indecomposable (A, B)-bimodule inducing a Morita equivalence between A and B, then we see
For further terminology and notation, we refer the reader to our previous paper [KL18] .
We will rely on the following classification of principal blocks of groups with dihedral Sylow 2-subgroups, up to splendid Morita equivalence, also commonly called Puig equivalences:
and [KL18] ). Let G be an arbitrary finite group with a dihedral Sylow 2-subgroup P = D 2 n of order 2 n with n ≥ 2. Then:
(a) B 0 (kG) is splendidly Morita equivalent to precisely one of the following principal blocks:
, where q is a fixed odd prime power such that
, where q is a fixed odd prime power such that (q + 1) 2 = 2 n ;
, where q is a fixed odd prime power such that 2(q − 1) 2 = 2 n ; (5)), respectively (q + 1) 2 = (q ′ + 1) 2 (Cases (4) and (6)),
In [KL18] the proof the statement for n ≥ 3 partly relies on the Brauer indecomposability of the Scott module Sc(G × H, ∆P ) inducing the splendid Morita equivalence. Passing to generalised quaternion Sylow 2-subgroup we won't need to use arguments involving Brauer indecomposability, however we note that the other way around a Scott module realising a splendid Morita equivalence is necessarily Brauer indecomposable. Q) ) and B 0 (kC H (Q)) for any non-trivial subgroup Q ≤ P . But since blocks are indecomposable as k-algebras, M(∆Q) has to be indecomposable as (B 0 (kC G (Q)), B 0 (kC H (Q)))-bimodule, hence as k(C G×H (∆Q))-module. Finally, it is obvious that M(∆ 1 ) = M, so that M itself is indecomposable as C G×H (∆ 1 )-module since C G×H (∆ 1 ) = G × H. The claim follows.
Furthermore, we will use the following well-known properties of group cohomology. We sketch their proofs for completeness. Lemma 2.3. Let G be a finite group, and let P be a Sylow 2-subgroup of G. Let C 2 be the cyclic group of order 2, which we see as both a trivial G-module and a trivial P -module. Then restriction in cohomology
is an injective group homomorphism.
Proof. This follows directly from the fact that post-composition with the transfer is multiplication by the index |G : P |, which is an isomorphism as |G : P | is prime to 2 and 2 annihilates H 2 (G, C 2 ).
Lemma 2.4. Let n ≥ 3 be an integer. The following hold:
(a) If C 2 denotes the cyclic group of order 2, seen as a trivial kD 2 n−1 -module, then
There is a unique isomorphism class of central extensions
Proof.
(a) The cohomological Universal Coefficient Theorem yields
(b) The isomorphism classes of central extensions of the form
are in bijection with H 2 (D 2 n−1 , C 2 ), hence by (a) there are 8 isomorphism classes of such extensions. Since a presentation of D 2 n−1 is ρ, σ | ρ 2 = 1 = σ 2 , (ρσ) 2 n−2 = 1 , obviously P admits a presentation of the form r, s, t | rt = tr, st = ts, t 2 = 1,
Letting a, b, c vary, we obtain the following groups P : If n ≥ 4, the groups in cases (i)-(vi) are pairwise non-isomorphic. If n = 3 the above holds as well, but the groups in (ii) and (iii) are all isomorphic to D 8 , and the groups in (iv) and (v) are all isomorphic to C 2 × C 4 . The claim follows.
Lifting splendid Morita equivalences from a central quotient
Although our aim is to treat blocks with generalised quaternion defect groups. We first present some results that hold for an algebraically closed field of arbitrary characteristic p > 0 and principal blocks with arbitrary defect groups. Throughout this section, we assume that G and H are two arbitrary finite groups, we let P denote a common p-subgroup of G and H. Furthermore, given a subgroup Z of P which is normal in both G and H, we use the bar notation withḠ := G/Z,H := H/Z andP := P/Z. as right kḠ-modules.
Hence M may be considered as a kḠ-module, and in fact
Hence Sc(Ḡ,Q) ∼ = M ⊗ kG kḠ, since M is indecomposable as a kG-module, and thus also as a kḠ-module.
as right k(Ḡ ×H)-modules, the assertion follows from (a). Note that in this lemmaĀ andB are not necessarily blocks of kḠ and kH, but sums of blocks.
whereḠ is one of the groups occurring in Theorem 2.1(a),(1)-(6) and such that a Sylow 2-subgroup of G is generalised quaternion, that is such that we have a commutative diagram of the following form:
By Lemma 2.3, the restriction map
is injective, and by Lemma 2.4, there is a unique class of 2-cocycles in H 2 (D 2 n−1 , C 2 ) ∼ = (Z/2) 3 such that the middle term of the corresponding extension is isomorphic to Q 2 n . Therefore, there can be at most one class of 2-cocycles in H 2 (Ḡ, C 2 ) corresponding to a group extension where the middle term has a generalised quaternion Sylow 2-subgroup. Thus, we can now go through the list (1)-(6) in Theorem 2.1: IfḠ = D 2 n−1 , then G = Q 2 n . If n = 4 andḠ = A 7 , then G = 2.A 7 has a generalised quaternion Sylow 2-subgroup. If G = PSL 2 (q) with q is an odd prime power such that (q ± 1) 2 = 2 n−1 , then SL 2 (q) has a generalised quaternion Sylow 2-subgroup. IfḠ = PGL 2 (q) with q is an odd prime power such that (q ±1) 2 = 2 n−1 , then 2.PGL 2 (q) has a generalised quaternion Sylow 2-subgroup. This proves (a).
Part (b) and Part (c) are then also straightforward from Theorem 2.1(b) and (c) together with Proposition 3.3(b).
